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STABILITY OF THE EXISTENCE OF A PSEUDO-EINSTEIN
CONTACT FORM
YUYA TAKEUCHI
Abstract. A pseudo-Einstein contact form plays a crucial role in defining
some global invariants of closed strictly pseudoconvex CR manifolds. In this
paper, we prove that the existence of a pseudo-Einstein contact form is pre-
served under deformations as a real hypersurface in a fixed complex manifold
of complex dimension at least three.
1. Introduction
A pseudo-Einstein contact form, which was first introduced by Lee [Lee88],
is necessary for defining some global CR invariants: the total Q-prime curva-
ture [CY13, Hir14] and the boundary term of the renormalized Gauss-Bonnet-Chern
formula [Mar16]. When we consider the variation of such an invariant, the question
arises whether the existence of a pseudo-Einstein contact form is preserved under
deformations of a CR structure. In this paper, we will show this stability for defor-
mations as a real hypersurface in a fixed complex manifold of complex dimension
at least three. More precisely, we will prove the following
Theorem 1.1. Let Ω be a relatively compact strictly pseudoconvex domain in a
complex manifold X of complex dimension at least three. Assume that its boundary
M = ∂Ω admits a pseudo-Einstein contact form. Then, there exists a neighborhood
U of M in X such that its canonical bundle has a flat Hermitian metric.
The stability for wiggles follows from this theorem and a necessary and sufficient
condition to the existence of a pseudo-Einstein contact form (Proposition 2.1).
Corollary 1.2. Let Ω, X,M,U be as in Theorem 1.1. Then, any strictly pseudo-
convex real hypersurface M ′ in U admits a pseudo-Einstein contact form.
Note that this stability may have been already known when an ambient complex
manifold is a Stein manifold of dimension at least three; see Remark 4.2.
Here we give an outline of a proof of Theorem 1.1. Take a tubular neighborhood
U of M in X . The existence of a pseudo-Einstein contact form on M implies that
there is a flat Hermitian metric on the canonical bundle of U ∩ Ω if we take U
sufficiently small. By using the Bott-Chern class, we will show that KU admits a
flat Hermitian metric if the morphism
(1.1) H1(U,O)→ H1(U ∩Ω,O)
induced by the inclusion is injective (Lemma 3.1). On the other hand, a result of
Andreotti and Grauert [AG62] yields that (1.1) is an isomorphism; here we use the
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assumption that the complex dimension of X is at least three. A proof of this fact
will be given in Section 4.
Before the end of the introduction, we remark a relation between our result and
the Lee conjecture. Lee [Lee88, Proposition D] has proved that the first Chern
class c1(T
1,0M) of T 1,0M is equal to zero in H2(M,R) if M admits a pseudo-
Einstein contact form, and conjectured that the converse also holds if M is closed;
this is called the Lee conjecture. There are some affirmative results on this conjec-
ture [Lee88, Dra94, CC07, CSW12, CCT14], but it is still open. (Remark that we
need an extra assumption on the pseudo-Hermitian torsion in [CCT14, Theorem
1.1], which has been pointed out in the erratum [CCT16].) The stability of the
existence of a pseudo-Einstein contact form follows from the Lee conjecture since
the first Chern class of a CR structure is invariant under deformations of a CR
structure. In other words, Corollary 1.2 can be considered as one of affirmative
results on the Lee conjecture.
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2. Preliminaries
We first recall some facts on strictly pseudoconvex domains; see [GPR94, Chapter
V] and references therein for details. In what follows, the word “domain” means a
relatively compact connected open set. Let Ω be a domain with smooth boundary
M in an (n + 1)-dimensional complex manifold X . A defining function of Ω is
a smooth function on X such that Ω = ρ−1((−∞, 0)), M = ρ−1(0) and dρ 6= 0
on M . A domain Ω is said to be strictly pseudoconvex if we can take a defining
function of Ω that is strictly plurisubharmonic nearM . It is known that any strictly
pseudoconvex domain Ω is holomorphically convex, and consequently, there exist
a Stein space Z and a proper surjective holomorphic map ϕ : Ω → Z having some
good properties, called the Remmert reduction of Ω. In our setting, ϕ is described
as follows. A compact analytic subset E of positive dimension at every point in Ω is
called a maximal compact analytic subset of Ω if it is maximal among such subsets
with respect to inclusion relations; this E is determined uniquely by Ω. The map ϕ
contracts each connected component of E to a point, and induces a biholomorphism
Ω \E → Z \ϕ(E). In particular, Z has at most finite normal isolated singularities.
We next give a brief introduction to CR manifolds. Let M be a (2n + 1)-
dimensional manifold without boundary. A CR structure is an n-dimensional com-
plex subbundle T 1,0M of the complexified tangent bundle TM ⊗ C satisfying the
following integrability condition:
[Z,W ] ∈ Γ(T 1,0M), Z,W ∈ Γ(T 1,0M).
A typical example of CR manifolds is a real hypersurfaceM in a complex manifold
X ; it has the natural CR structure
T 1,0M = T 1,0X ∩ (TM ⊗ C).
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A CR structure T 1,0M is said to be strictly pseudoconvex if there exists a nowhere-
vanishing real one-form θ on M such that θ annihilates T 1,0M and
−√−1dθ(Z,Z) > 0, 0 6= Z ∈ T 1,0M ;
we call such a one-form a contact form. Note that the boundary of a strictly
pseudoconvex domain is a strictly pseudoconvex CR manifold with respect to its
natural CR structure.
It is known that there is a canonical one-to-one correspondence between contact
forms on M and Hermitian metrics on the canonical bundle of M . A contact form
is said to be pseudo-Einstein if the corresponding Hermitian metric is flat; see
[HMM17, Section 2.3] for details. Remark that this definition coincides with that
given by Lee [Lee88] if n ≥ 2. In this paper, however, we do not use this definition
but the following necessary and sufficient condition to the existence of a pseudo-
Einstein contact form in terms of a Hermitian metric on the canonical bundle of an
ambient complex manifold.
Proposition 2.1 ([HMM17, Proposition 2.6]). Let M be a strictly pseudoconvex
real hypersurface in a complex manifold X. Then, M admits a pseudo-Einstein
contact form if and only if the canonical bundle KX of X has a Hermitian metric
that is flat on the pseudoconvex side near M .
This proposition implies that any strictly pseudoconvex real hypersurface in
a complex manifold X admits a pseudo-Einstein contact form if KX has a flat
Hermitian metric. Thus we can derive Corollary 1.2 from Theorem 1.1. In the
remainder of this paper, we will prove Theorem 1.1.
3. Bott-Chern class and the existence of a flat Hermitian metric
Let X be a complex manifold. The real Bott-Chern cohomology H1,1BC(X,R) of
bi-degree (1, 1) is defined by
H1,1BC(X,R) = { d-closed real (1, 1)-forms on X } /
{√−1∂∂ψ | ψ ∈ C∞(X,R) } .
Let f : Y → X be a holomorphic map between complex manifolds. Then it defines
the natural morphism f∗ : H1,1BC(X,R) → H1,1BC(Y,R) induced by the pullback of
(1, 1)-forms.
For a holomorphic line bundle L over X , the first Bott-Chern class cBC1 (L) ∈
H1,1BC(X,R) is defined as follows. Take a Hermitian metric h of L. Then the
curvature (
√−1/2π)Θh = −(
√−1/2π)∂∂ log h is a d-closed real (1, 1)-form on X ,
and defines an element of H1,1BC(X,R). This cohomology class is independent of the
choice of h, denoted by cBC1 (L). From the definition, c
BC
1 (L) = 0 if and only if
L admits a flat Hermitian metric. Note that cBC1 is natural; that is, f
∗cBC1 (L) =
cBC1 (f
∗L) for any holomorphic map f : Y → X .
The cohomology H1,1BC(X,R) has also a sheaf-theoretic interpretation. Let Ap,q
be the sheaf of smooth (p, q)-forms and P be that of pluriharmonic functions. Then,
there exists the following exact sequence of sheaves [Big69, Teorema (2.1)]:
0→ P → A0,0
R
√
−1∂∂−−−−−→ A1,1
R
d−→ (A2,1 ⊕A1,2)R.
Here the subscript R means the subsheaf consisting of real forms. This exact
sequence implies that H1(X,P) is isomorphic to H1,1BC(X,R). Note that a holo-
morphic map f : Y → X induces a natural morphism f∗ : H1(X,P) → H1(Y,P),
which is compatible with f∗ : H1,1BC(X,R)→ H1,1BC(Y,R) defined above.
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This formulation gives a sufficient condition to the existence of a flat Hermitian
metric.
Lemma 3.1. Let X and Y be complex manifolds and f : Y → X be a holomor-
phic map. Assume that f induces injective morphisms H1(X,O) →֒ H1(Y,O) and
H2(X,R) →֒ H2(Y,R), and a surjective morphism H1(X,R) ։ H1(Y,R). Then,
for any holomorphic line bundle L over X, it admits a flat Hermitian metric if so
does f∗L.
Proof. Assume that f∗L has a flat Hermitian metric. As we noted above, this
is equivalent to f∗cBC1 (L) = c
BC
1 (f
∗L) = 0. Hence, it is enough to prove the
injectivity of f∗ : H1(X,P)→ H1(Y,P). Consider the following exact sequence of
sheaves:
0→ R
√
−1−−−→ O Re−−→ P → 0.
This induces the following commutative diagram with exact rows:
H1(X,R) H1(X,O) H1(X,P) H2(X,R)
H1(Y,R) H1(Y,O) H1(Y,P) H2(Y,R).
The injectivity of H1(X,P)→ H1(Y,P) follows from an easy diagram chasing. 
4. Proof of Theorem 1.1
Let X , Ω andM be as in Theorem 1.1. We first reduce the problem on X to that
on a Stein space. Take a defining function ρ of Ω that is strictly plurisubharmonic
near the boundary. Without loss of generality, we may assume that ρ : X → R is
proper. Then, for sufficiently small δ > 0, there exists a diffeomorphism
χ : (−2δ, 2δ)×M → ρ−1((−2δ, 2δ))
such that χ(0, p) = p and ρ(χ(t, p)) = t. Replacing δ to a smaller one if necessary,
we may assume that ρ is strictly plurisubharmonic on ρ−1((−2δ, 2δ)). In partic-
ular, Ω′ = ρ−1((−∞, δ)) is a strictly pseudoconvex domain in X containing Ω.
Consider the Remmert reduction ϕ : Ω′ → Z. From the strict plurisubharmonicity
of ρ, it follows that the maximal compact analytic subset of Ω′ cannot intersect
with ρ−1((−δ, δ)); in particular, ϕ is a biholomorphism on ρ−1((−δ, δ)). Without
loss of generality, we may assume that ρ descends to a smooth function Z → R;
use the same letter ρ for abbreviation. It is sufficient to show the existence of a
neighborhood U ⊂ ρ−1((−δ, δ)) of M = ρ−1(0) such that KU has a flat Hermitian
metric. To this end, we need to construct a “good” exhaustion function on Z.
Lemma 4.1. Fix 0 < α < δ. There exists a smooth non-negative strictly plurisub-
harmonic exhaustion function φ on Z satisfying the following conditions:
• φ−1(0) coincides with the singular set A of Z;
• φ is of the form
φ(p) =
ρ(p)
δ(δ − ρ(p)) +K
on ρ−1((−α, δ)) for a constant K > 0 ;
• φ < K on ρ−1((−∞,−α]).
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The proof of this lemma is slightly complicated, and so will be given later. Now,
we complete the proof of Theorem 1.1 using Lemmas 3.1 and 4.1. Note that our
proof is similar in spirit to the proof of [Yau81, Theorem B].
Proof of Theorem 1.1. Set
Ω(a, b) = {K + a < φ < K + b }
for −∞ ≤ a < b. Note that φ−1(K) = M and Ω(−K, b) = Ω(−∞, b) \ A. It
is enough to prove that the canonical bundle of Ω(−ǫ, ǫ) admits a flat Hermitian
metric for some ǫ > 0 if M has a pseudo-Einstein contact form. The existence of a
pseudo-Einstein contact form on M implies that the canonical bundle of Ω(−ǫ, 0)
has a flat Hermitian metric for sufficiently small ǫ > 0 by Proposition 2.1. We
may also assume, by making ǫ small if necessary, the inclusion Ω(−ǫ, 0) →֒ Ω(−ǫ, ǫ)
induces isomorphisms
H1(Ω(−ǫ, ǫ),R) ≃−→ H1(Ω(−ǫ, 0),R),
H2(Ω(−ǫ, ǫ),R) ≃−→ H2(Ω(−ǫ, 0),R).
Thus according to Lemma 3.1, it suffices to prove that
H1(Ω(−ǫ, ǫ),O)→ H1(Ω(−ǫ, 0),O)
is also an isomorphism. Consider the following commutative diagram induced by
inclusions:
H1(Ω(−K, ǫ),O) H1(Ω(−ǫ, ǫ),O)
H1(Ω(−K, 0),O) H1(Ω(−ǫ, 0),O).
From [AG62, The´ore`me 15], it follows that each row is an isomorphism; here we
use the assumption that the complex dimension of X is at least three. Hence
it is sufficient to show the left column is an isomorphism. Since Ω(−∞, ǫ) and
Ω(−∞, 0) are Stein spaces, we obtain the following commutative diagram whose
rows are isomorphisms:
H1(Ω(−K, ǫ),O) H2A(Ω(−∞, ǫ),O)
H1(Ω(−K, 0),O) H2A(Ω(−∞, 0),O).
≃
≃
On the other hand, the right column of the above diagram is also an isomorphism
by the excision property of the local cohomology. This completes the proof. 
What is left is to show Lemma 4.1, the existence of a “good” exhaustion function
φ on Z.
Proof of Lemma 4.1. As noted in Section 2, the singular set A of Z is finite, given
by A = { p1, . . . , pk } ⊂ Z. We first construct a smooth non-negative strictly
plurisubharmonic exhaustion function ψ on Z with ψ−1(0) = A. There exists a
proper holomorphic regular embedding f : Z → CN for sufficiently large N [Nar60,
Theorem 6]; in what follows, we identify Z with the image of f . Then ψ0 =
|z|2 +∑kj=1 log |z − pj |2 is a strictly plurisubharmonic exhaustion function on CN
with ψ−1
0
(−∞) = A. Hence ψ = expψ0 = exp
(|z|2)∏kj=1 |z−pj|2 is a smooth non-
negative strictly plurisubharmonic exhaustion function on CN with ψ−1(0) = A.
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Choose β ∈ R with α < β < δ, and take a smooth function λ : R → [0, 1] on R
such that λ ≡ 1 on (−∞,−β) and λ ≡ 0 on (−α,∞). Then, the function
φ1(p) = λ(ρ(p))ψ(p)
is strictly plurisubharmonic on ρ−1((−∞,−β)) and identically zero on ρ−1((−α, δ)).
Next, take a non-negative smooth function g1 on R with
supp g1 ⊂ ((2δ)−1, (β + δ)−1),
∫
R
g1(t)dt = 1,
and set
g2(t) =
∫ t
0
∫ s
0
g1(r)drds.
This g2 is a non-negative and non-decreasing convex smooth function on R, vanishes
identically on (−∞, (2δ)−1], and
g2(t) = t− δ−1 + g
(
δ−1
)
> 0
on a neighborhood of [(β + δ)−1,∞). The function
φ2(p) = g2
(
1
δ − ρ(p)
)
vanishes identically on ρ−1((−∞,−δ]), is plurisubharmonic on ρ−1((−δ, δ)), and
φ2(p) =
ρ(p)
δ(δ − ρ(p)) + g
(
δ−1
)
> 0.
on a neighborhood of ρ−1([−β, δ)). Hence, for any ǫ > 0, the sum φ = ǫφ1+φ2 is a
non-negative smooth exhaustion function on Z such that it is strictly plurisubhar-
monic on ρ−1((−∞,−β) ∪ (−α, δ)), and satisfies φ−1(0) = A. Since φ2 is strictly
plurisubharmonic on the compact set ρ−1([−β,−α]), the function φ is also strictly
plurisubharmonic there for sufficiently small ǫ. Replacing ǫ by a smaller one, we
also have φ < g(δ−1) on ρ−1((−∞,−α]). 
Remark 4.2. Cao and Chang [CC07, Main Theorem (2)] state that if M is the
boundary of a strictly pseudoconvex domain in a Stein manifold of complex dimen-
sion at least three, then M admits a pseudo-Einstein contact form. However, as
the author has pointed out in [Tak, Remark 4.3], there exists such an M satisfy-
ing c1(T
1,0M) 6= 0 in H2(M,R); in particular, M has no pseudo-Einstein contact
form. Here, we give a short proof of a corrected statement: “if M is the boundary
of a strictly pseudoconvex domain in a Stein manifold of complex dimension at
least three, and satisfies c1(T
1,0M) = 0 in H2(M,R), then M admits a pseudo-
Einstein contact form”. A discussion in [Lee88, Section 6] gives that a closed strictly
pseudoconvex CR manifold (M,T 1,0M) of dimension greater than three admits a
pseudo-Einstein contact form if c1(T
1,0M) = 0 in H2(M,R) and the Kohn-Rossi
cohomology H0,1(M) of bi-degree (0, 1) vanishes. On the other hand, a result of
Yau [Yau81, Theorem B] yields that H0,1(M) = 0 if M is as in the statement.
Hence, M admits a pseudo-Einstein contact form.
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